A multiple-cell approach is discussed as a possible alternative to the higher dimensional crystallography of icosahedral quasicrystals. It is based on the SocolarSteinhardt tiling combined with the quasi-unit cell model. Quasi-unit cells fill the space without gaps and overlappings similar to those in periodic crystals. Similarly, the atoms can occupy general and special positions. The alloy stoichiometry and the packing density can be calculated through the relative tile frequencies, which in turn are determined as the components of the Perron-Frobenius eigenvector of the corresponding substitution matrix. The calculation of the diffraction pattern reduces to the Perron projection of a special matrix, the entries of which reflect the contribution of each type of quasi-unit cell to the coherent scattering.
Introduction
Determination of crystal structure is one of the key problems in rational materials design, which is based on understanding the relationships between chemical composition, on the one hand, and controlled crystal structure and desired physical properties, on the other. In comparison with conventional periodic crystals, quasicrystal structure analysis is still far from being a straightforward task [1, 2] .
The atomic structure of quasicrystals is usually interpreted within the superspace concept. In particular, the structure of an icosahedral quasicrystal can be generated by taking an irrational three-dimensional (3D) slice through a six-dimensional (6D) hypercubic lattice [3] . For a more comprehensive study, see [4] [5] [6] [7] . The cut-and-project method within higher dimensional crystallography seems to be becoming almost the only tool for quantitative quasicrystal structure analysis [8] [9] [10] [11] [12] [13] [14] [15] . Although many icosahedral structures have been successfully solved by this method, a constantly recurring question does not lose its relevance: Where are the atoms [16] [17] [18] [19] ? This is not the only tough question. Since the higher dimensional approach was initially based on the Fourier decomposition of almost periodic functions and on the reciprocal space information, it may be applied directly to the experimental diffraction data. However, what if the actual chemical compound is not yet synthesized and its expected/predicted structure is the subject of a preliminary analysis only? Next, the strip projection procedure is ambiguous because of the phason flips and reproduces the quasicrystal structure only on average. How can one construct the perfect icosahedral structure in such a case? Furthermore, the icosahedral symmetry may be described within two symmetry groups: I and I h . The question arises of whether it is possible to resolve both symmetries when projecting from the sole hypercubic lattice? To our knowledge, this problem has never received proper attention, because all of the icosahedral quasicrystals discovered so far may allegedly be fitted within the I h symmetry. In fact, enantiomorphism and chirality are theoretically possible in quasicrystals and, in general, are not contradictory to the icosahedral symmetry. An incorrect space group assignment within the same Laue class is a well-known problem in crystal structure analysis. It becomes extremely difficult in superspace. Another question is related to the symmetry-breaking phenomenon, which is usually accompanied by the unreasonable mismatch between the inner and outer shells. Frankly speaking, allowing unit distortions and then finding ways to avoid the loss of global symmetry looks a little awkward. All these problems represent the inherent complications of the higher dimensional description and are most likely inevitable.
We believe that the tiling approach [20] [21] [22] [23] could be a reasonable alternative to the superspace description, although it is also not free of controversy. Let us give a few quotations: 'Quasicrystals cannot be defined as packing of identical unit cells' [10] ; 'The atomic decoration of the tiles may not be uniform all over the tiling' [24] ; 'The problem of determining the quasi-lattice cannot be generally separated from determining the quasicrystal structure' [24] . Of course, we could take on trust the commonly accepted points of view. On the other hand, we can nevertheless try to separate two problems from each other: filling the space with cells and filling the cells with atoms.
Thus, we raise the following question: Is there a viable alternative to six-dimensional quasicrystallography of icosahedral structures? This implies the following sub-issues.
-How can icosahedral packing be constructed without the use of 6D superspace? -How can the icosahedral quasi-lattice be decorated by specific atoms? -How can the packing density and exact stoichiometric composition be computed? -How can the characteristic icosahedral clusters be determined and their relative positions be found? -How can the average structure factors be computed without the use of 6D superspace?
Multiple-cell approach
It is known that the structure of quasicrystals may be described in terms of repeating quasi-unit cells in the same way as periodic crystals are described by unit cell translations [20] . A quasi-unit cell approach implies: choosing an appropriate set of basic tiles, decorating the basic tiles in a specific way, and then covering the space with identically decorated quasi-unit cells both with or without overlappings.
The first step is to fill the entire space with tiles of a given shape. There are three possible solutions. The first 3D icosahedral analogue of the fivefold Penrose tiling was derived by Steinhardt and colleagues [25, 26] , who thereby offered the first theoretical explanation of longrange order in icosahedral quasicrystals. Either two rhombohedra or four zonohedra may be used as prototiles. Later on, Danzer [27] proposed ABCK tiling using a set of four tetrahedra.
By the canonical 3D Penrose tiling one usually means a 3D arrangement of two types of basic tiles: the prolate and oblate rhombohedra. The volume of the prolate rhombohedron is τ times as large and it appears τ times as frequently as the oblate one [28] , where τ = (1 + √ 5)/2 is the golden ratio. In the Socolar-Steinhardt tiling, four types of golden zonohedra are used as prototiles: the prolate rhombohedron, the rhombic dodecahedron, the rhombic icosahedron and the rhombic triacontahedron. They are packed face to face without gaps, forming an infinite icosahedral quasi-lattice. Although the triacontahedron can always be resolved into 10 prolate and 10 oblate rhombohedra, the above sets of prototiles are not equivalent. The decomposition can be performed in many different ways, but in none of them is the full icosahedral symmetry preserved. The ideal icosahedral symmetry always breaks when one tries to use canonical tiling with prolate and oblate rhombohedra. In addition, one could also try to transfer the Ammann plane decorations of the zonohedra onto the rhombohedra that form them. However, such an attempt leads to the context-dependent decorations. This means that the two adjacent rhombohedra should be decorated in different ways by the Ammann planes and, therefore, have different rules associated with them, although they were initially assumed to be identical. Such context-dependent rules are difficult [29] or even impossible to state concisely if the symmetry breaking is undesirable [30] . The unique decoration of such rhombohedra by specific atoms is also hardly possible. Socolar & Steinhardt [26] emphasize that, as unfortunate as this may be, the set of four zonohedra must be accepted as one of the necessary subtleties of the 3D icosahedral construction.
We have opted for Socolar-Steinhardt tiling with four types of zonohedra as prototiles (figure 1a). We cannot find any rational explanation for why the incomplete and mixed sets are used much more often in the practical refinement. Recently, we have shown that SocolarSteinhardt tiling may be constructed by using a well-defined recursive procedure [31] [32] [33] . Such an approach greatly simplifies the generation of the icosahedral structure since substitutions and decorations of tiles could be implemented without the need for higher dimensions. Our inflation/deflation rules have been proved useful in the field of photonic quasicrystals [34] .
Repetition of a single unit cell along three directions generates the structure of an infinite periodic crystal. Similarly, when describing quasicrystals, four types of zonohedra can serve as quasi-unit cells, each with atoms inside. Quasi-unit cells fill the space aperiodically in accordance with the recursive rules. Every quasi-unit cell in the whole packing can be associated with a triad: type, position and orientation. In these terms, the recursive rules can be written as follows:
Here, R k denotes the position of the newly generated cell (the radius vector drawn from the global packing origin to the local origin of the corresponding cell), R i and g i denote the position and orientation, respectively, of the existing cell that has already been generated in the previous step, R j denotes the position of the corresponding cell in the deflation scheme of the i-th cell in a chosen standard orientation and τ 3 is the linear scale factor. Group elements g i , g j and g k describe the rotations of quasi-unit cells with respect to their standard orientations. All elements that fix a certain quasi-unit cell form a stabilizer. The set of cells in all possible orientations represents the orbit of a given quasi-unit cell with respect to its stabilizer. Thus, the description of the possible cell orientations reduces to the subgroup/coset decomposition of the icosahedral group. For example, two rotational elements send the rhombic dodecahedron to itself. Therefore, 30 different orientations are possible for it. Three elements fix the rhombohedron that appears in 20 orientations, and so forth, in full accordance with Burnside's lemma. There is no need for actual multiplication of the 3 × 3 rotation matrices. All we need is the group multiplication table. Similarly, in order to write out the formal inflation/deflation rules, one needs only to specify the positions and orientations of subcells in the decomposition of an inflated cell. Strictly speaking, we have to assign to each subcell an additional weighting factor to take into account that some of them may be shared by adjacent cells and only partially belong to the cell being deflated. For example, 533 different polyhedra are involved in the decomposition of the inflated triacontahedron, including the shared ones, but only 12 of them should be specified since all the others can be determined by the group actions. The deflation rules for other zonohedra can be derived from that of a triacontahedron [31] . Now the generation of icosahedral tiling becomes a routine task. Figure 1b shows SocolarSteinhardt tiling in projection along the fivefold axis. In fact, a 10-fold rotoreflection axis S 10 passes through the origin, since the symmetry of the tiling itself (without atomic decoration) is I h . A small part of the tiling at the origin (a ring of 10 triacontahedra surrounded by 10 hierarchically built pentagons) exactly reproduces the corresponding slice of the Socolar-Steinhardt tiling (compare with fig. 9 in [26] ). It also appears as the main structural motif of i-Yb-Cd [11] , as well as that of i-Al-Cu-Fe [24] .
The decoration of cells by specific atoms can lead to mutual conflicts [21] . We believe that such conflicts actually have two causes: the mishandling of the local matching rules, since the quasi-unit cells must not coincide in both the right-side-up and upside-down positions, on the one hand, and the appearance of additional local symmetries for atoms on the faces due to the tiling homogeneity, on the other. The atoms can occupy the general and special positions both on the surface and within any of four quasi-unit cells similar to the Wyckoff positions in periodic crystals. Cell decorations may not be set arbitrarily and must be consistent with cell symmetries, matching rules and some additional restrictions caused by the local isomorphism property. Indeed, there are three ways to choose the packing origin, each of which generates three different locally isomorphic tilings with complete icosahedral point symmetry [26] . The cell decoration scheme should obviously not depend on where the origin is chosen and shall consequently be common to all variants. This usually doubles the multiplicity of positions on cell faces. When occupied, each position generates exactly three types of icosahedral clusters, each centred at the A-, B-and C-type sites, respectively [32] . Enumeration of all special positions in icosahedral quasicrystals together with their multiplicity factors and corresponding characteristic clusters falls beyond the scope of this paper and will be described elsewhere.
At the stage of cell decorations, the symmetry groups I and I h can be separated. Recall once again that there is just one icosahedral quasi-lattice, the symmetry of which is I h , whereas the symmetry of decorated cells may be lower. This resembles the relation between 230 space groups and only 14 Bravais lattices in crystals.
Suppose we have chosen a proper decoration scheme that meets the local matching rules and additional requirements. Now, each tile in the tiling may be simply replaced by the corresponding quasi-unit cell. In the mathematical sense, the structure thus obtained can be described as a rooted tree. Every node represents a certain quasi-unit cell, which in turn is described as a triad: type, position and orientation, whereby the cell type implies additional information on how the cell is decorated. The number of child branches depends on the cell type and is determined in accordance with the substitution rules [31] . Some of the child branches can nevertheless intersect if they point to the shared cells or shared atoms.
The relative tile frequencies have been provided by Socolar & Steinhard [26] but they left the explanation open as 'a challenging exercise for the interested reader' and noted only that the analytical results agreed with 'brute force numerical counts'. We are going to fill in that gap using the Perron-Frobenius technique. We have to emphasize that all the frequencies are algebraic integers and can be expressed through the golden ratio. If the golden ratio appears in the denominator of a fraction, the expression can always be simplified so that the golden ratio will be in the numerator.
When analysing a certain tiling, one should first write out the substitution matrix M, the entries of which M ij are given by the numbers of tiles of type i in the substitution of the inflated tile of type j. In our case, the substitution matrix reads 
Some of entries are not integers because some of the small tiles are shared by adjacent inflated polyhedra in the tiling [32] . Since all the entries are non-negative, the Perron-Frobenius conditions are met, so that the tile frequencies may be obtained by the eigenvalue/eigenvector analysis. A more detailed consideration of how to calculate the ratio of the tile frequencies in a substitution tiling together with some useful examples may be found in the literature [7, 35] . The eigenvalues of the matrix M are {τ 9 , τ 3 , −τ −3 , −τ −9 }. The dominant or, in other words, the Perron-Frobenius eigenvalue is thus equal to τ 9 . Note that, for the Danzer ABCK tiling [27] , the eigenvalues of the corresponding matrix are {τ 3 , τ , −τ −1 , −τ −3 }. This clearly indicates, in particular, that the above two types of icosahedral tilings-with zonohedra and with tetrahedramay not be fully equivalent to each other, even though the opposite was asserted by Ludwig Danzer himself [36] . Indeed, Danzer tiling has a linear scale factor of τ , whereas SocolarSteinhardt tiling is characterized by a scale factor of τ 3 . Single inflations with a scale factor of τ seem to cyclically permute the inequivalent vertices: A → B → ? → A, whereby some of vertices may be missing. This discrepancy can be understood if we remember that three different types of icosahedral quasi-lattices may exist: P-, I-and F-types, respectively [37] .
There exists just one right eigenvector w, called the Perron-Frobenius eigenvector, such that all of its components are strictly positive. In our case, the vector w encodes the relative tile frequencies. There also exists a similar left eigenvector v. Its components correspond to the relative tile volumes. For illustrative purposes, the relative volumes and occurrence frequencies thus obtained are provided in figure 1a for each type of zonohedron. If the rhombohedron is assumed to have a unit volume [25, 26] , that is, its edge length is set to a = 1 + τ 2 = √ 2 + τ , then both vectors can be rescaled to display the absolute values v = (1, 2τ , 5τ , 10τ ) ,
.
The calculation of the X-ray density and stoichiometry of a chemical compound now becomes elementary-as the dot product of two vectors: one with tile frequencies and the other with tile occupancies. Recently, we described a hypothetical single-component icosahedral quasicrystal with the assumption that all the cells of Socolar-Steinhardt tiling are empty except for the triacontahedron that is single occupied [32] . Now, to calculate the packing density, we have merely to take the dot product of w with (0, 0, 0, 1). In the case when the atoms occupy specific positions at faces, edges or vertices and are shared by several adjacent cells of different types, determination of occupancies becomes scarcely more complicated, though the expected site multiplicity may be affected by the appearance of additional local symmetries. Since both density and structure factor averaging are based on similar algorithms, we would like to illustrate the Perron projection here,
The first step of this procedure has been discussed in detail previously [32] : 
Here, every row of the transposed substitution matrix indicates how many quasi-unit cells of the initial size are required to build up the inflated cells. It is easy to see that τ 9 is the eigenvalue and v is the corresponding eigenvector. Note that right and left eigenvectors swap with each other after transposing the matrix. Repeating inflations and deflations lead to the averaging over larger and larger scales. Exponentiation by squaring can be applied to ensure fast convergence. A calculation of the diffraction intensities without projecting from 6D superspace remained the only stumbling block. The existence of countless local configurations with numerous phase multipliers hinders the coherent summation of diffracted waves in quasicrystals. This problem was raised by Mackay [38] some time ago and has puzzled researchers for years. For example, a superspace approach works perfectly in the case of Penrose tiling but fails for the ConwayRadin pinwheel [39] , though both tilings have perfect substitution rules. The higher dimensional approach is thus not the universal solution. Within the statistical approach [40, 41] , the concept of a single average unit cell is used. Recall that the average unit cell is defined as a distribution of projections of atomic positions on the so-called reference lattice, which is periodic. Contrary to the statistical approach that also envisages the structure solution in physical space only, the multiplecell approach makes it possible to describe the strongly deterministic aperiodic structures. Let us show how this problem can be solved in terms of the Perron-Frobenius theory.
Consider four types of quasi-unit cells in all possible orientations and define the partial structure factors F k -as usual by the summation of all atomic scattering factors over the corresponding quasi-unit cell. Then, inflate and deflate the cells and consider their partial structure factors again F
where H is the reciprocal-space vector, R k is the position of the k-th cell in the decomposition of the inflated n-th cell, and r j and f kj are the position and the scattering factor, respectively, of the j-th atom within the k-th cell. In the first sum, the index m runs over all atoms in the n-th inflated cell, regardless of which subcell they belong to. The last sum results from interchanging the order of summation and factoring out the common phase factors. Note that the atomic scattering factors and the partial structure factors should be multiplied by corresponding fractional weights when considering shared atoms and shared cells. We see that the partial structure factors of the inflated quasi-unit cells are the linear combinations of the initial ones. The partial structure factors of initial cells play the role of atomic scattering factors in corresponding equations, as if the quasi-unit cells were the 'composite' atoms that constitute the supercells. Now we define a special matrix S, which we refer to as the scattering substitution matrix. Its entries are calculated as sums of corresponding phase factors for all types of quasi-unit cells appearing in the decomposition of inflated ones. We emphasize that the differently oriented quasi-unit cells should be counted as separate ones at this stage. There are 20 variants for the rhombohedron, 30 variants for the rhombic dodecahedron, 12 variants for the rhombic icosahedron, and the sole variant for the rhombic triacontahedron. Therefore, S is a 63 × 63 matrix. If a specific cell in a specific orientation appears in the decomposition, the respective phase factor appears at the intersection of the corresponding row and column. If several subcells have the same orientation, the corresponding phase factors should be summated.
In the kinematic theory, the waves from all cells in a given volume should be summated, whereby the intensity of the diffracted beam is proportional to the volume of the irradiated homogeneous medium. Thus, the Perron projection of the scattering substitution matrix S will provide the required (complex) weighting factors for the averaging of the partial structure factors.
Finally, the computation of the average structure factors splits into the following steps. First, we need to calculate the column vector, the entries of which are the partial structure factors, whereby the differently oriented quasi-unit cells should be counted as different ones. Next, we have to compute the scattering substitution matrix S as described above, carry out the Perron projection and write out the first row in the resulting matrix. It contains the required complex weighting factors. Finally, we have to take the dot product of both vectors to obtain the average structure factor for the Bragg peak under consideration.
Results and discussion
Our question was whether or not the tiling approach combined with the quasi-unit cell method could become a viable alternative to the 6D description of icosahedral structures? It might seem as though our criticism of the higher dimensional approach reflects some negative attitudes-far from it. The superspace approach is quite an elegant mathematical method, which is very effective not only for the description of quasiperiodic structures but also for incommensurately modulated structures and incommensurate composite crystals [42, 43] . Moreover, the basic starting point of our study is the Socolar-Steinhardt tiling, which in turn has been derived by the grid projection method. The local matching rules were initially obtained through the Ammann plane decorations of the cells. The indexation of the Bragg peaks remained unchanged and fully complies with the superspace description, too. Hence, the multiple-cell approach in no way neglects the higher dimensional approach. In fact, our investigation is just an attempt to solve the majority of problems in real space whenever possible.
Recently, we formulated substitution rules for Socolar-Steinhardt tiling and offered thereby an effective space-filling algorithm [31] [32] [33] . We mean that all four cell types should be taken into consideration within the quasi-unit cell method. In this way, icosahedral quasicrystals can be defined as packings of identical quasi-unit cells. Conventional periodic crystals are constructed by stacking identical unit cells face to face in perfect alignment in three dimensions. Similarly, the perfect icosahedral quasicrystal can also be constructed by stacking identical quasi-unit cells face to face without gaps and overlappings. The only difference is that there are four cell types instead of a single one. If the cell decoration scheme is chosen to be consistent with cell symmetries, matching rules and local isomorphism requirements, the atomic decoration scheme becomes uniform all over the tiling. Both I and I h symmetry groups are compatible with the Socolar-Steinhardt tiling differing only in the cell decorations.
The multiple-cell approach provides a simple and more natural way to compute X-ray density and alloy composition than those that use an incomplete set of only three cells and/or allow for cell overlappings. In our case, this is simply the standard eigenvalue/eigenvector analysis.
A calculation of the diffraction intensities without projecting from 6D superspace also becomes possible in terms of the Perron projection. The Bragg diffraction commonly implies that a crystal consists of a large number of parallel and equidistant atomic planes. However, what if they are not? For instance, what if the planes are arranged according to the Fibonacci sequence? We mean that the multiple-cell approach provides us with a desired tool, at least for those tilings which are characterized by a finite number of tile orientations. We hope that our work will stimulate further investigations in this field.
All the structures that can be generated within our approach are strongly deterministic. Naturally, the question arises of how to treat disorder in the atomic structure and diffuse scattering in the diffraction image? There are three main phenomena that can contribute to the peak broadening: thermal vibrations, statistical displacements and phason flips. Since the solution of the atomic structure proceeds in real space, thermal vibrations can be described in terms of vibrational ellipsoids and the conventional Debye-Waller factor. The same holds true for atomic displacements due to the presence of various local configurations and different atomic arrangements in more distant shells, although the Gaussian distribution may be questionable for this type of disorder. Phasons are intrinsically linked with the higher dimensional picture. Further investigations are thus needed to incorporate them into the essentially 3D description.
Our work can also give new insight into the general packing problem, especially with regard to molecular cocrystals, which are usually composed of molecules with distinctly different shapes [44] [45] [46] .
Conclusion
The multiple-cell approach is discussed as a possible alternative to the higher dimensional description of icosahedral quasicrystals. It is based on Socolar-Steinhardt tiling combined with the quasi-unit cell model. All four cell types should be taken into account to ensure a uniform decoration scheme. In such a case, the perfect icosahedral quasicrystal can be constructed by stacking identical cells similarly to usual crystals. The only difference is that there are four cell types instead of a single one. Simulation of the diffraction pattern consists in the calculation of partial structure factors for every type of quasi-unit cell with their subsequent averaging by using the Perron projection of a specially designed matrix.
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